Load-bearing laminated glass (LG) elements take the form of simple members in buildings (i.e., columns, beams, and plates) or realize stand-alone assemblies, where glass and other traditional constructional materials can interact. Among several relevant aspects, the dynamic response of LG structures requires dedicated methods of analysis, towards the fulfilment of safe design purposes. A combination of multiple aspects must be taken into account for dynamic calculations of even simple LG elements when compared to static conditions, first of all the sensitivity of common interlayers to the imposed vibration frequency. The challenge is even more complex for the vibration serviceability assessment of in-service LG structures, where the degradation of materials and possible delamination effects could manifest, hence resulting in structural performances that can markedly differ from early-design conditions. Major uncertainties can be associated to the actual mechanical characterization of materials in use (especially the viscoelastic interlayers), as well as the contribution of restraints (as compared to ideal boundaries) and the possible degradation of the bonding layers (i.e., delaminations). All of these aspects are examined in the paper, with the support of extended analytical calculations, on-site experimental measurements, and parametric Finite Element (FE) numerical analyses. When compared to literature efforts accounting for ideal boundaries only, an analytical formulation is proposed to include the effects of flexible restraints in the dynamic performance of general (double) LG beams. Special care is also spent for the presence of possible delaminations, including size and position effects. In the latter case, existing formulations for composite laminates are preliminarily adapted to LG beams. Their reliability and accuracy is assessed with the support of test predictions and parametric FE simulations. Appl. Sci. 2019, 9, 3928 2 of 23 approximate methods/working assumptions [17] . Such a strategy can be beneficial at the preliminary design stage. However, the same approaches are often not able to properly capture the real dynamic performance of in-service LG structures. This is especially the case of LG systems that are subjected to severe operational conditions, where mechanical properties and boundary conditions might be strongly affected by installation methods, ambient, etc. (i.e., Figure 1) . Appl. Sci. 2019, 9, x FOR PEER REVIEW 2 of 23 Both the real, frequency-independent term (storage modulus G 2,0 ) and the imaginary part (loss modulus, G 2,ω ), are in fact involved in the frequency domain, where:
Introduction
Laminated glass (LG) is largely used in several ways, and mostly increasing is its application for load-bearing structural members for buildings and constructions. There, special care is required for the optimal and safe design of structural elements that are able to ensure resistance, robustness, stiffness, redundancy, etc., even under extreme loads [1, 2] .
From a structural point of view, critical design conditions can include explosive events [3] [4] [5] and impacts [6] [7] [8] , natural hazards and earthquakes [9, 10] , and dynamic loads in general (including moving loads, in the case of pedestrian systems [11] [12] [13] [14] [15] [16] ), whose effects need dedicated calculation methods.
While the research community is spending efforts for the refinement or development of analytical/graphical design procedures that are able to capture the limit states of interest for design, the actual dynamic behaviour of even simple laminated glass elements is often described by means of While the research community is spending efforts for the refinement or development of analytical/graphical design procedures that are able to capture the limit states of interest for design, the actual dynamic behaviour of even simple laminated glass elements is often described by means of approximate methods/working assumptions [17] . Such a strategy can be beneficial at the preliminary design stage. However, the same approaches are often not able to properly capture the real dynamic performance of in-service LG structures. This is especially the case of LG systems that are subjected to severe operational conditions, where mechanical properties and boundary conditions might be strongly affected by installation methods, ambient, etc. (i.e., Figure 1 ). In this context, the paper aims at investigating the dynamic behaviour of the in-service LG members in free vibrations. Following earlier studies of literature, special care is focused on the sensitivity analysis of their fundamental frequency to a multitude of aspects of technical interest, including the type of interlayer (and its frequency-dependent shear stiffness), the aspect ratio of LG beams, the presence of flexible restraints that can provide only partial translational/rotational constraints (with respect to ideal boundaries), or the effects of possible delaminations in the bonding interlayers.
To this aim, classical analytical methods are first recalled in Section 2, so as to introduce the literature concept of "adjusted dynamic" effective thickness for LG beams [17] . Hence, preliminary analytical calculations are carried out on a wide set of LG beams, giving evidence of the expected sensitivity of frequency estimates to some variations in the LG beam composition and/or geometrical configuration.
As shown, major uncertainties in frequency estimates can derive from the actual stiffness of restraints, as well as from the dynamic response of the interlayers in use, to the imposed vibration frequency. Even further sensitivity is related-for in-service structures-to the possible presence of damage, like delaminations or material degradations, which should be properly taken into account for safe vibration assessments, with respect to early-stage design calculations. Such an aspect is further explored with the support of on-site vibration experiments (Section 3) that were carried out on selected LG beams belonging to an existing structure. The sensitivity of test predictions to major influencing parameters is discussed in Section 4, with the support of refined Finite Element (FE) numerical models (ABAQUS [18] ) and parametric analytical calculations. Based on experimental observations and refined FE numerical models (ABAQUS [18] ), practical analytical expressions are proposed in the paper, so that the expected vibration frequencies of a general (double) LG beam with flexible restraints could be rationally calculated. Dedicated analytical methods are also adapted to LG members and proposed to include possible delaminations in the bonding interlayers, thus resulting in more accurate dynamic estimations for in-service glass structures, based on past literature studies on composite laminates. In this context, the paper aims at investigating the dynamic behaviour of the in-service LG members in free vibrations. Following earlier studies of literature, special care is focused on the sensitivity analysis of their fundamental frequency to a multitude of aspects of technical interest, including the type of interlayer (and its frequency-dependent shear stiffness), the aspect ratio of LG beams, the presence of flexible restraints that can provide only partial translational/rotational constraints (with respect to ideal boundaries), or the effects of possible delaminations in the bonding interlayers.
As shown, major uncertainties in frequency estimates can derive from the actual stiffness of restraints, as well as from the dynamic response of the interlayers in use, to the imposed vibration frequency. Even further sensitivity is related-for in-service structures-to the possible presence of damage, like delaminations or material degradations, which should be properly taken into account for safe vibration assessments, with respect to early-stage design calculations. Such an aspect is further explored with the support of on-site vibration experiments (Section 3) that were carried out on selected LG beams belonging to an existing structure. The sensitivity of test predictions to major influencing parameters is discussed in Section 4, with the support of refined Finite Element (FE) numerical models (ABAQUS [18] ) and parametric analytical calculations. Based on experimental observations and refined FE numerical models (ABAQUS [18] ), practical analytical expressions are proposed in the paper, so that the expected vibration frequencies of a general (double) LG beam with flexible restraints could be rationally calculated. Dedicated analytical methods are also adapted to LG members and proposed to include possible delaminations in the bonding interlayers, thus resulting in more accurate dynamic estimations for in-service glass structures, based on past literature studies on composite laminates.
Classical Analytical Formulation for Frequency Calculations

Reference System
The attention of the current study is focused on the vibration performance of double LG beams agreeing with Figure 2 . For simplicity, the reference cross-section is symmetrical, inclusive of two glass layers (with thickness h 1 = h 3 ) and a middle viscoelastic foil (h 2 ), providing a certain shear coupling.
The resisting LG member has total width b, with L the span, and d ≥ 0 representing the distance (if any) between each restraints (from the middle axis) and the beam end section. Accordingly, L 0 >> 2d is the actual bending span. The thickness h i of each layer is relatively small when compared to the global dimensions b × L.
In addition, E 1 = E 3 = 70 GPa is the nominal modulus of elasticity (MoE) of glass, with ρ 1 = ρ 3 = 2500 kg/m 3 the density and ν 1 = ν 3 = 0.23 the Poisson' ratio [19] . Disregarding the interlayer type and composition, the bonding foil has generally a relatively low density ρ 2 as compared to glass (ρ 2 ≈ 1000 kg/m 3 ), while its stiffness can strongly modify with operational conditions, see Section 2.2.
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Existing Closed-Form Solutions
Assuming the ideal restraint configurations that were schematized in Figure 2c for simply supported (S-S) or clamped (C-C) members, classical theories for slender beams can be taken into account for frequency analyses of LG elements, as far as the dynamic mechanical properties of the interlayer in use are properly described.
According to Figure 2 , a given LG beam in free vibrations must, in fact, satisfy the well-known Euler-Bernoulli differential equation of motion, that for a given a monolithic (A = b × h) × L0 member is given by [20] :
Moreover, in Equation (1), v(x,t) is the vertical displacement at the abscissa 0 ≤ x ≤ L0 and time instant t; E and ρ the MoE and density of the material in use; and, I the second moment of area. Thus, the fundamental frequency is conventionally given by the compact expression [20] : 
According to Figure 2 , a given LG beam in free vibrations must, in fact, satisfy the well-known Euler-Bernoulli differential equation of motion, that for a given a monolithic (A = b × h) × L 0 member is given by [20] :
Moreover, in Equation (1), v(x,t) is the vertical displacement at the abscissa 0 ≤ x ≤ L 0 and time instant t; E and ρ the MoE and density of the material in use; and, I the second moment of area. Thus, the fundamental frequency is conventionally given by the compact expression [20] :
with n the mode order and β the wavenumber (Table 1) . Table 1 . Reference wavenumbers β n and shape coefficients Ψ for beams with simple restraints (Figure 2c ) and bending span L 0 . According to several studies of literature, the challenge for a given LG member lies in the estimation of the actual composite stiffness, being strongly related to the shear coupling effect of the bonding interlayer. Besides the availability of simplified analytical approaches that are based on the use of an equivalent, monolithic glass thickness h ef = h for sandwich sections, according to Figure 2 , it was shown in [17] that the "adjusted dynamic" effective thickness (adapted from [21] for modal analysis purposes) is able to offer reliable frequency estimates for double LG beams with ideal boundaries. In particular, such an "adjusted" thickness is given by [17] :
Beam Restraints
where η represents the shear coupling of the composite section:
and the other relevant terms are given by:
The coefficient Ψ in Equation (4) depends on the normalized shape of deflections, for a given homogeneous beam. For basic boundary conditions and several mode orders n, Ψ can be calculated from Table 1 .
Finally, η in Equation (3) is strictly affected by the shear modulus G 2 = G 2 (ω) of the bonding layer. Given that the common materials for LG applications have a viscoelastic behaviour that depends on the material composition and its vibration frequency and/or ambient conditions, this turns out in an effective thickness h ef = h ef (ω), which explicitly reflects the dynamic response of the interlayer itself, as a part of a composite system it belongs. However, according to Equation (2), it is also ω = ω(h ef ), and hence an iterative calculation approach is required for accurate thickness/frequency estimates. (8) and their typically high sensitivity to frequency is shown in Figure 3 (selected examples reproduced from [7, 17, 22] ).
In this regard, literature projects have been dedicated to the mechanical characterization of interlayers in use for LG systems, under the assumption of various severe conditions of temperature or time loading (i.e., [23] [24] [25] [26] [27] [28] [29] [30] ). As far as the interlayer composition and the test method both modify; however, different mechanical properties can be derived for a given interlayer material [31] . The study reported in [32] also emphasized that the mechanical properties of the interlayer samples (i.e., material test), or interlayer foils belonging to small portions of LG sections (i.e., section test), can result in markedly different stiffness estimates, due to variation of the actual boundary conditions. Finally, for in-service glass structures, it is generally recognized that the degradation of interlayers can affect several material features, including the shear stiffness, but also the adhesion properties, and other thermo-mechanical parameters that could indirectly affect the overall structural performance of a given LG section (see [33] [34] [35] 
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(a) (b) Figure 3 . Examples of (a) storage and (b) loss moduli variation with frequency, for Polyvinyl Butyral (PVB) or SentryGlas Plus (SGP) interlayers at 25 °C, according to [7, 17, 22] .
In other words, Equation (3) represents a practical tool for design, being able to simplify the original dynamic problem of composite beams with flexible, viscoelastic connection and ideal boundaries. On the other side, the reference G2 = G2(ω) value for dynamic estimates should be properly assessed, including possible delaminations (Section 4).
In Figure 4 , frequency calculations are proposed for selected LG beams in the S-S or C-C conditions, as a function of G2. The collected frequency values are derived from Equation (2), while assuming that hef (Equation (3)) modifies with G2, and 10 −4 MPa < G2 < 10 5 MPa. In the figures, both the limit "layered" and "monolithic" conditions can be easily detected. In addition, the grey regions represent all the possible frequency values that could characterize the dynamic performance of a given LG beam geometry, as far as its end restraints are characterized by a certain translational/rotational stiffness that can be comprised within the limit conditions of ideal simple supports (S-S) or clamps (C-C). In other words, Equation (3) represents a practical tool for design, being able to simplify the original dynamic problem of composite beams with flexible, viscoelastic connection and ideal boundaries. On the other side, the reference G 2 = G 2 (ω) value for dynamic estimates should be properly assessed, including possible delaminations (Section 4).
In Figure 4 , frequency calculations are proposed for selected LG beams in the S-S or C-C conditions, as a function of G 2 . The collected frequency values are derived from Equation (2), while assuming that h ef (Equation (3)) modifies with G 2 , and 10 −4 MPa < G 2 < 10 5 MPa. In the figures, both the limit "layered" and "monolithic" conditions can be easily detected. In addition, the grey regions represent all the possible frequency values that could characterize the dynamic performance of a given LG beam geometry, as far as its end restraints are characterized by a certain translational/rotational stiffness that can be comprised within the limit conditions of ideal simple supports (S-S) or clamps (C-C). As far as higher vibration modes are taken into account in Figure 4 , it is possible to notice that the grey region progressively minimizes for n = 2 and n = 3. As such, major uncertainties for simplified analytical calculations can be expected, especially for n = 1, that in most of the cases is a key parameter for design purposes.
Restraints and Delaminations for In-Service LG Systems
A relevant influencing parameter for the vibrational analysis of LG beams is certainly represented by the effect of real restraints, with respect to the ideal supports ( Figure 2c ).
It was shown in [12] , for example, that the restraints characterized by a certain flexibility (i.e., axial (Ks) and rotational (Kr) stiffness due to the presence of soft layers, gaskets, etc., see Figure 5 ) should be properly taken into account for the dynamic analysis of even monolithic glass members with cantilever or beam behaviour, affecting both frequency and damping calculations. As far as higher vibration modes are taken into account in Figure 4 , it is possible to notice that the grey region progressively minimizes for n = 2 and n = 3. As such, major uncertainties for simplified analytical calculations can be expected, especially for n = 1, that in most of the cases is a key parameter for design purposes.
It was shown in [12] , for example, that the restraints characterized by a certain flexibility (i.e., axial (K s ) and rotational (K r ) stiffness due to the presence of soft layers, gaskets, etc., see Figure 5 ) should be properly taken into account for the dynamic analysis of even monolithic glass members with cantilever or beam behaviour, affecting both frequency and damping calculations. The presence of delaminations and their effects on the flexural stiffness of the resisting sandwich section can represent another crucial aspect to account for dynamic analysis of LG members. Critical regions for delaminations are commonly represented by restraints and edges (see, for example, Figure 6 and [36, 37] ). However, research studies on the structural performance of delaminated LG sections are still limited (i.e., [38] [39] [40] [41] ). In addition, literature investigations are focused on the stress response of simple LG members under laboratory conditions, which is with artificially imposed delaminations.
(a) (b) Figure 6 . Examples of severe delamination in LG member, in the region of point mechanical restraints. Reproduced with permission from (a) [36] and (b) [37] .
In this regard, Equation (2) is expected to provide only approximate estimates of the actual dynamic performance of in-service LG members, thus suggesting the need of more refined methods of analysis.
Experimental Study on In-Service LG Beams
A series of field experiments was carried out on existing LG member in order to further explore the actual dynamic behaviour of glass structures in operational conditions.
Specimens and Test Methods
The experimental study was carried out in May 2019, on a selection of 32 LG beams composed of two, h1 = h3 = 10 mm thick fully tempered glass layers and a middle PVB foil (h2 = 0.76 mm its thickness). The width of LG beams was fixed (b = 0.14 m), while the variations were represented by the total span L. For the majority of them, L was in the range of 2.4 m and 2.7 m. The minimum span-even with identical nominal section properties and restraints-was in the order of 1.45 m. Such a marked variability in the span was required-at the design stage-to accommodate some geometrical irregularities of the primary structure hosting the specimens. The examined LG beams The presence of delaminations and their effects on the flexural stiffness of the resisting sandwich section can represent another crucial aspect to account for dynamic analysis of LG members. Critical regions for delaminations are commonly represented by restraints and edges (see, for example, Figure 6 and [36, 37] ). However, research studies on the structural performance of delaminated LG sections are still limited (i.e., [38] [39] [40] [41] ). In addition, literature investigations are focused on the stress response of simple LG members under laboratory conditions, which is with artificially imposed delaminations. The presence of delaminations and their effects on the flexural stiffness of the resisting sandwich section can represent another crucial aspect to account for dynamic analysis of LG members. Critical regions for delaminations are commonly represented by restraints and edges (see, for example, Figure 6 and [36, 37] ). However, research studies on the structural performance of delaminated LG sections are still limited (i.e., [38] [39] [40] [41] ). In addition, literature investigations are focused on the stress response of simple LG members under laboratory conditions, which is with artificially imposed delaminations.
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Experimental Study on In-Service LG Beams
Specimens and Test Methods
The experimental study was carried out in May 2019, on a selection of 32 LG beams composed of two, h 1 = h 3 = 10 mm thick fully tempered glass layers and a middle PVB foil (h 2 = 0.76 mm its thickness). The width of LG beams was fixed (b = 0.14 m), while the variations were represented by the total span L. For the majority of them, L was in the range of 2.4 m and 2.7 m. The minimum span-even with identical nominal section properties and restraints-was in the order of 1.45 m. Such a marked variability in the span was required-at the design stage-to accommodate some geometrical irregularities of the primary structure hosting the specimens. The examined LG beams are, in fact, currently part of an in-service glass walkway (in the form of handrails, see Figure 7 ), being constructed in the early 2000 in the context of a Roman age Basilica monument in Aquileia, Italy (see also [15, 16] for further details on the pedestrian system).
Appl. Sci. 2019, 9, x FOR PEER REVIEW  8 of 23 are, in fact, currently part of an in-service glass walkway (in the form of handrails, see Figure 7 ), being constructed in the early 2000 in the context of a Roman age Basilica monument in Aquileia, Italy (see also [15, 16] for further details on the pedestrian system). For all of the LG members, the end restraints were realized in the form of stainless steel point-fixings according to Figure 8a , with holes having 42 mm nominal diameter and positioned at a distance d = b/2 = 70 mm from the edges (see Figure 8b ). At the time of the on-site experiments, the selected LG beams were subjected to induced vibrations and their acceleration in time was monitored via a single tri-axial sensor [42] , glued on the top surface of the mid-span section ( Figure 8b ). All of the tests were carried out with a mean temperature of 23°C and a 62% relative humidity.
For each specimen, multiple measurements were collected (minimum three test repetitions), and then post-processed to predict the corresponding (mean) frequency.
In this regard, the advantage and potential of Operational Modal Analysis techniques is represented by the possibility to derive even relevant mechanical parameters for in-service structures that cannot be subjected to destructive (or laboratory) experiments. Otherwise, for the LG structure object of analysis, the serviceability of the religious monument did not allow for performing massive experimental measurements, and required the use of a minimum number of instruments, thus involving some further uncertainties for the interpretation of test results.
A key influencing parameter, for example, was represented by a certain degradation of the PVB interlayers (due to repeated non-controlled ambient conditions and time), with visible delaminated For all of the LG members, the end restraints were realized in the form of stainless steel point-fixings according to Figure 8a , with holes having 42 mm nominal diameter and positioned at a distance d = b/2 = 70 mm from the edges (see Figure 8b ).
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A key influencing parameter, for example, was represented by a certain degradation of the PVB interlayers (due to repeated non-controlled ambient conditions and time), with visible delaminated At the time of the on-site experiments, the selected LG beams were subjected to induced vibrations and their acceleration in time was monitored via a single tri-axial sensor [42] , glued on the top surface of the mid-span section (Figure 8b ). All of the tests were carried out with a mean temperature of 23 • C and a 62% relative humidity.
A key influencing parameter, for example, was represented by a certain degradation of the PVB interlayers (due to repeated non-controlled ambient conditions and time), with visible delaminated regions, close to the restraints and along the edges of each beam (detail views are proposed in Figure 9 for some of the tested specimens).
Another major issue in the experimental study and vibration serviceability assessment consisted in the actual life-time of the selected LG specimens, thus in additional difficulties for the reliable estimate of PVB mechanical properties. Most of them were characterized by a mean service life of ≈15 years at the time of the research study. However, some of them have been replaced during the years, without any track of maintenance/replacement interventions.
Finally, a further uncertainty was represented by the actual stiffness contribution of the steel point-fixings in use (Figure 8 ), thus its effects on the overall dynamic response of the LG members.
Appl. Sci. 2019, 9, x FOR PEER REVIEW  9 of 23 regions, close to the restraints and along the edges of each beam (detail views are proposed in Figure  9 for some of the tested specimens). Another major issue in the experimental study and vibration serviceability assessment consisted in the actual life-time of the selected LG specimens, thus in additional difficulties for the reliable estimate of PVB mechanical properties. Most of them were characterized by a mean service life of ≈15 years at the time of the research study. However, some of them have been replaced during the years, without any track of maintenance/replacement interventions.
Finally, a further uncertainty was represented by the actual stiffness contribution of the steel point-fixings in use (Figure 8 ), thus its effects on the overall dynamic response of the LG members. 
Derivation of Experimental Fundamental Frequencies
The analysis of the experimental results was based on post-processing of the collected acceleration-time data, see Figure 10 . Given the availability of a single control point only for each test specimen, special care was spent for the fundamental frequency of LG beams, disregarding higher experimental modes, or vibration shapes and damping related issues. All of the LG specimens proved to offer a beam-like behaviour, but strictly related to the effect of mechanical supports and PVB layers. In Figure 11 , for example, the experimental frequencies are proposed for the tested beams, as a function of L0. Analytical estimates from Equation (2) are also collected, as obtained for LG members having nominal experimental dimensions, but classical 
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The analysis of the experimental results was based on post-processing of the collected acceleration-time data, see Figure 10 . Given the availability of a single control point only for each test specimen, special care was spent for the fundamental frequency of LG beams, disregarding higher experimental modes, or vibration shapes and damping related issues. All of the LG specimens proved to offer a beam-like behaviour, but strictly related to the effect of mechanical supports and PVB layers. In Figure 11 , for example, the experimental frequencies are proposed for the tested beams, as a function of L0. Analytical estimates from Equation (2) are also collected, as obtained for LG members having nominal experimental dimensions, but classical boundaries (S-S or C-C). Disregarding the uncertain PVB shear stiffness of the test specimens, All of the LG specimens proved to offer a beam-like behaviour, but strictly related to the effect of mechanical supports and PVB layers. In Figure 11 , for example, the experimental frequencies are proposed for the tested beams, as a function of L 0 . Analytical estimates from Equation (2) are also collected, as obtained for LG members having nominal experimental dimensions, but classical boundaries (S-S or C-C). Disregarding the uncertain PVB shear stiffness of the test specimens, moreover, three configurations are analytically taken into account in Equation (2) and Figure 11 , that is the limit "layered" and "monolithic" theoretical configurations, and the PVB A properties of Figure 3 .
It is worth of interest that most of the test predictions are comprised within the lower limit of S-S beams with "rigid" shear connection ("monolithic" curve of Figure 11a ) and the upper limit of C-C beams with "weak" mechanical bonding between the glass layers ("layered" curve of Figure 11b ).
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Analysis of Relevant Influencing Parameters
Stiffness Contribution of Point-Fixings
The actual stiffness contribution of the joints in use was first assessed, with the support of FE numerical models (ABAQUS). In Figure 12 , the reference numerical model is shown, being representative of the nominal geometry for a connection detail. A small portion of glass (0.14 × 0.14 m) was also taken into account to reproduce the actual joint region and interactions. In doing so, a set of three-dimensional (3D) solid brick elements was used to describe the steel restraint (C3D8R type from ABAQUS element library). The mesh size and pattern was chosen to ensure a refined description of the examined system, with 3300 solid elements for the steel joint and the portion of LG plate.
The mechanical interaction between the steel connector and the LG portion was accounted in the form of a penalty & normal behaviour surface-to-surface contact algorithm (ABAQUS library), so as to allow for possible relative sliding between the steel and glass components in the region of glass hole, but also the possible separation under tensile loads. Rigid nodal restraints were applied at the bottom face of the steel connector. At the same time, the LG plate was restrained in its thickness and width (end section), so as to avoid possible rotations, being a part of a full beam in bending about the minor axis.
A preliminary static nonlinear analysis was carried out to estimate the expected stiffness contributions under the assumption that the so assembled FE model can be representative of the actual end region for one of the tested specimens. Based on Figure 12 , the bending performance of the small scale FE model was, in fact, explored by imposing a linearly increasing bending moment Mz at the top face of the steel point-fixing (via a reference RP node, and hence distributed on the full surface of steel with a "coupling" constraint).
Hence, the longitudinal (i.e., x direction) and vertical (i.e., y direction) displacements of four selected control points were monitored, so that the corresponding elastic stiffnesses (both rotational and translational/axial) could be properly calculated. Two of these control points, see Figure 12 , were set at the edges of the hole, to monitor the bending rotation of the portion of LG plate, with respect to the steel connector. 
Analysis of Relevant Influencing Parameters
Stiffness Contribution of Point-Fixings
A preliminary static nonlinear analysis was carried out to estimate the expected stiffness contributions under the assumption that the so assembled FE model can be representative of the actual end region for one of the tested specimens. Based on Figure 12 , the bending performance of the small scale FE model was, in fact, explored by imposing a linearly increasing bending moment M z at the top face of the steel point-fixing (via a reference RP node, and hence distributed on the full surface of steel with a "coupling" constraint).
Hence, the longitudinal (i.e., x direction) and vertical (i.e., y direction) displacements of four selected control points were monitored, so that the corresponding elastic stiffnesses (both rotational and translational/axial) could be properly calculated. Two of these control points, see Figure 12 , were set at the edges of the hole, to monitor the bending rotation of the portion of LG plate, with respect to the steel connector. Globally, the translational stiffness Ks was found to be relatively high, hence justifying the assumption of an ideal rigid joint for comparative purposes (i.e., Ks = ∞). Given the reference system of Figure 12 , otherwise the rotational stiffness was estimated in Kr ≈ 150 kN m/rad.
The so-calculated stiffness was first used form some preliminary FE calculations, carried out in ABAQUS with the support of Equation (3), to explore the sensitivity to Kr of the experimentally predicted frequencies. In Figure 13a , comparative estimates are shown for selected LG specimens. Frequency estimates are also proposed for the limit configurations of C-C and S-S beams. In general, it is possible to notice that "ideal" analytical calculations tend to result in marked percentage scatter, with respect to on-site experiments (Figure 13b ).
For the S-S calculations, the FE predictions resulted in a mean Δ = −29%, as compared to the test data (with Δmin = −14%, Δmax = −40%, Dev.St = ±7). Given that the S-S boundary fully disregards the rotational role of the point-fixings in use, such an assumption is generally expected to severely underestimate the actual bending stiffness of a given composite system, thus the corresponding frequency. On the other side, see Figure 13b , the C-C assumption gave evidence of a marked overestimation of test results, with a mean Δ = +59% (Δmin = +35%, Δmax = +92%, Dev.St = ±11).
For the calculations that were carried out with partially rigid restraints, finally the mean percentage scatter was found in the order of Δ = +50% (with Δmin = +27%, Δmax = +82%, Dev.St = ±10), thus suggesting an improved agreement with, but still recommending more detailed analyses to assess, the actual dynamic performance of the tested LG specimens. The poor correlation of Figure  13 could be, in fact, justified by the actual shear contribution of the PVB layers, which, besides the availability of shear/loss moduli of literature (i.e., Figure 3 ), can be strongly affected by severe operational conditions, including high temperature and humidity variations, and medium/long-term degradation phenomena. The presence of visible delaminations that were Globally, the translational stiffness K s was found to be relatively high, hence justifying the assumption of an ideal rigid joint for comparative purposes (i.e., K s = ∞). Given the reference system of Figure 12 , otherwise the rotational stiffness was estimated in K r ≈ 150 kN m/rad.
The so-calculated stiffness was first used form some preliminary FE calculations, carried out in ABAQUS with the support of Equation (3), to explore the sensitivity to K r of the experimentally predicted frequencies. In Figure 13a , comparative estimates are shown for selected LG specimens. Frequency estimates are also proposed for the limit configurations of C-C and S-S beams. In general, it is possible to notice that "ideal" analytical calculations tend to result in marked percentage scatter, with respect to on-site experiments (Figure 13b ).
For the S-S calculations, the FE predictions resulted in a mean ∆ = −29%, as compared to the test data (with ∆ min = −14%, ∆ max = −40%, Dev.St = ±7). Given that the S-S boundary fully disregards the rotational role of the point-fixings in use, such an assumption is generally expected to severely underestimate the actual bending stiffness of a given composite system, thus the corresponding frequency. On the other side, see Figure 13b , the C-C assumption gave evidence of a marked overestimation of test results, with a mean ∆ = +59% (∆ min = +35%, ∆ max = +92%, Dev.St = ±11).
For the calculations that were carried out with partially rigid restraints, finally the mean percentage scatter was found in the order of ∆ = +50% (with ∆ min = +27%, ∆ max = +82%, Dev.St = ±10), thus suggesting an improved agreement with, but still recommending more detailed analyses to assess, the actual dynamic performance of the tested LG specimens. The poor correlation of Figure 13 could be, in fact, justified by the actual shear contribution of the PVB layers, which, besides the availability of shear/loss moduli of literature (i.e., Figure 3 ), can be strongly affected by severe operational conditions, including high temperature and humidity variations, and medium/long-term degradation phenomena. The presence of visible delaminations that were visually detected for most of the tested LG beams (i.e., Figure 9 ) is another key parameter that affects the composite stiffness of the specimens, but it can be hardly quantified with detail.
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Derivation of Practical Fitting Curves for LG Members with Flexible Restraints
According to literature, the definition of closed-form formulations accounting for the actual mechanical restraint in viscoelastic LG beams in free vibrations can involve complex mathematical problems (i.e., [43] ). Otherwise, simple analytical fitting curves can offer robust support for reliable frequency estimations.
Assuming that a given glass member is restrained via mechanical supports having partial rotational stiffness Kr ≠ 0 (in kNm/rad) and Ks = ∞, the restraints act as flexible clamps that must be properly taken into account for design. Moreover, following Section 4.1, it is convenient to express these rotational and axial stiffness contributions as: = (9) and = (10) where Rr = 0 corresponds to the limit condition of a S-S beam and Rr = ∞ denotes the C-C configuration. As far as a monolithic or LG beam is taken into account in Equations (9) and (10), its bending stiffness EI can be expressed as a function of the total b × h or equivalent b × hef section (Equation (3)).
Thus, from a practical point of view, the vibration frequency of a given glass beam with non-ideal restraints can be conveniently calculated as (with Rr ≥ 0 and Rs = ∞): ̅ = (11) where fn is given by Equation (2) for a S-S beam and kf represents a magnification factor, depending on Rr.
In this paper, a series of parametric FE numerical simulations was carried out in ABAQUS for glass beams with different geometrical features (b = 0.1-0.5 m, h = 0.005-0.04 m, L = L0 = 1-4 m) and variable rotational stiffness Kr (with Ks = ∞). In doing so, beam (B31) type elements were used, with equivalent springs being able to reproduce the desired rotational stiffness Kr (Figure 14) . 
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where R r = 0 corresponds to the limit condition of a S-S beam and R r = ∞ denotes the C-C configuration. As far as a monolithic or LG beam is taken into account in Equations (9) and (10), its bending stiffness EI can be expressed as a function of the total b × h or equivalent b × h ef section (Equation (3)). Thus, from a practical point of view, the vibration frequency of a given glass beam with non-ideal restraints can be conveniently calculated as (with R r ≥ 0 and R s = ∞):
where f n is given by Equation (2) for a S-S beam and k f represents a magnification factor, depending on R r . In this paper, a series of parametric FE numerical simulations was carried out in ABAQUS for glass beams with different geometrical features (b = 0.1-0.5 m, h = 0.005-0.04 m, L = L 0 = 1-4 m) and variable rotational stiffness K r (with K s = ∞). In doing so, beam (B31) type elements were used, with equivalent springs being able to reproduce the desired rotational stiffness K r (Figure 14) . Analytical fitting curves are thus proposed in this paper, in support of practical calculations (i.e., based on Equation (11)) on general LG beams with flexible restraints, see Figure 15 and Table 2 .
As shown in Figure 15 , in particular, it was observed that the use of flexible restraints and their combination with different geometrical/mechanical LG properties can result in even marked variations of the expected vibration frequencies. This is especially the case of the fundamental mode (n = 1), where relatively stiff restraints can amplify up to ≈2.25 times the S-S estimations. Certainly, the vibration shape is also expected to modify with the stiffness variation of restraints (i.e., Figure  14b ). However, the current investigation was specifically focused on frequency estimates, and the accurate analysis of shape sensitivity would require more detailed experimental methods, as compared to the available test predictions. Analytical fitting curves are thus proposed in this paper, in support of practical calculations (i.e., based on Equation (11)) on general LG beams with flexible restraints, see Figure 15 and Table 2 .
As shown in Figure 15 , in particular, it was observed that the use of flexible restraints and their combination with different geometrical/mechanical LG properties can result in even marked variations of the expected vibration frequencies. This is especially the case of the fundamental mode (n = 1), where relatively stiff restraints can amplify up to ≈2.25 times the S-S estimations. Certainly, the vibration shape is also expected to modify with the stiffness variation of restraints (i.e., Figure 14b ). However, the current investigation was specifically focused on frequency estimates, and the accurate analysis of shape sensitivity would require more detailed experimental methods, as compared to the available test predictions. Analytical fitting curves are thus proposed in this paper, in support of practical calculations (i.e., based on Equation (11)) on general LG beams with flexible restraints, see Figure 15 and Table 2 .
As shown in Figure 15 , in particular, it was observed that the use of flexible restraints and their combination with different geometrical/mechanical LG properties can result in even marked variations of the expected vibration frequencies. This is especially the case of the fundamental mode (n = 1), where relatively stiff restraints can amplify up to ≈2.25 times the S-S estimations. Certainly, the vibration shape is also expected to modify with the stiffness variation of restraints (i.e., Figure  14b ). However, the current investigation was specifically focused on frequency estimates, and the accurate analysis of shape sensitivity would require more detailed experimental methods, as compared to the available test predictions. Table 2 ) for the frequency estimation of glass beams with flexible restraints (K r > 0 and K s = ∞). Table 2 . Key input parameters for the magnification factor k f (Equation (11)), given that K r > 0, K s = ∞, and R r in Equation (9)). Given that h ef in Equation (3) modifies with G 2 (ω), another relevant outcome of Figure 15 is that the role of real restraints can be properly taken into account in the iterative analytical procedure recalled in Section 2. Marked variations of h ef (and thus frequency estimates), as in Figure 16 , can in fact be obtained within the "layered" and "monolithic" limit conditions, as far as R t modifies. Figure 16a , in particular, shows the evolution of h ef (Equation (3) for selected LG members bonded with PVB M foils. The fundamental mode (n = 1) is the most sensitive to restraint parameters. As far as stiff interlayers are used for a given LG beam, a mostly "monolithic" equivalent section h ef can be also expected, with minimum sensitivity to restraints, as in Figure 16b . On the other side, the thickness and frequency sensitivity to the restraints in use progressively increases in presence of weak interlayers (as it is in presence of severe operational conditions). Moreover, from Figure 16 , it is also possible to perceive that frequency estimates based on the simplified assumption of "layered" or "monolithic" thicknesses with ideal supports (R R = 0 or R R = ∞) can result in mostly rough (and even unconservative) calculations, with respect to the real performance of a given LG system. Table 2 . Key input parameters for the magnification factor kf (Equation (11)), given that Kr > 0, Ks = ∞, and Rr in Equation (9)). Given that hef in Equation (3) modifies with G2(ω), another relevant outcome of Figure 15 is that the role of real restraints can be properly taken into account in the iterative analytical procedure recalled in Section 2. Marked variations of hef (and thus frequency estimates), as in Figure 16 , can in fact be obtained within the "layered" and "monolithic" limit conditions, as far as Rt modifies. Figure 16a , in particular, shows the evolution of hef (Equation (3) for selected LG members bonded with PVBM foils. The fundamental mode (n = 1) is the most sensitive to restraint parameters. As far as stiff interlayers are used for a given LG beam, a mostly "monolithic" equivalent section hef can be also expected, with minimum sensitivity to restraints, as in Figure 16b . On the other side, the thickness and frequency sensitivity to the restraints in use progressively increases in presence of weak interlayers (as it is in presence of severe operational conditions). Moreover, from Figure 16 , it is also possible to perceive that frequency estimates based on the simplified assumption of "layered" or "monolithic" thicknesses with ideal supports (RR = 0 or RR = ∞) can result in mostly rough (and even unconservative) calculations, with respect to the real performance of a given LG system. (Equation (3) ) of LG beams, as a function of (a) the order of the vibration mode n or (b) by changing the interlayer properties.
Mode Order
Effect of Delaminations
The vibration analysis of composite beams with delaminations is another complex issue, which can be generally solved with the use of advanced FE models (i.e., [44] [45] [46] [47] ), or with the support of coupled numerical-experimental studies on artificially damaged specimens (see, for example [48] [49] [50] ). In both the cases, besides different composite laminates are taken into account, a common outcome of existing literature projects is represented by the high sensitivity of vibration frequencies to delaminations. Otherwise, dedicated studies for delaminated LG structures are still missing.
Analytical Description of the Problem
Given a composite beam with delaminations, the mathematical problem can be solved in accordance with [51] , i.e., in the form of an effective longitudinal modulus (E ef ) representative of the actual mechanical interaction between the constituent layers. For a laminated section. according to Figure 17a , such a modulus is given by:
with E x the MoE of the j-th layer, m is the total number of layers composing the beam section (with b × h total dimensions); z j is the distance between the outer face of the j-th layer and the neutral plane of the section. When m is an odd number-as in the case of the examined double LG sections, see Figures 2 and 17b-Equation (12) is still valid, given that the external j-th layer is subdivided into two symmetric parts.
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(a) (b) Figure 17 .
LG beams with delaminations: (a) reference analytical model for simply supported, delaminated composite beams (reproduced from [51] ) and (b) detail example for a double LG section.
The effect of delaminations is, in fact, accounted for by reducing Eef, as a function of the number and size of delaminated regions. Based on [51] , the resulting longitudinal MoE of a partially delaminated composite section is, in fact, given by:
with:
Moreover:
Ezd-is the longitudinal MoE of a totally delaminated section (along one or more interfaces), representative of the so-called imperfect effective MoE; The effect of delaminations is, in fact, accounted for by reducing E ef , as a function of the number and size of delaminated regions. Based on [51] , the resulting longitudinal MoE of a partially delaminated composite section is, in fact, given by:
E zd -is the longitudinal MoE of a totally delaminated section (along one or more interfaces), representative of the so-called imperfect effective MoE;
S-is the number of sub-layers detected by the delamination; z j -represents the thickness of the j-th sub-layers; and, A d , A t -are respectively the delaminated and total interfacial area between the bonded layers.
Key assumptions of Equations (12)- (14) are that:
(1) Plane sections are initially normal to the longitudinal axis of the glass beam, and remain plane and normal also during flexure; (2) The beam has symmetrical properties about the neutral axis (both geometrical and mechanical);
(3) The sandwich beam section is composed of layers with a linear elastic behaviour; and, (4) Shear coupling between each ply can be disregarded.
Based on point (d), it is expected that the analytical method herein recalled could overestimate the bending stiffness decrease of the delaminated LG beams, thus resulting in conservative frequency predictions. Another issue can be related to the location of delaminated regions (disregarded by the surface parameter A d ).
For general LG members, which were included the tested specimens, delamination phenomena typically occur along the edges and close to restraints (Figure 9 ), where the LG layers are not protected and/or properly sealed. In some other cases, the spotted delaminated regions can be recognized over the surface of a given LG member. However, in both the cases, natural delaminated regions (and their quantitative effects for structural calculations) can be hard to visually detect and properly quantify.
Reliability of Frequency Calculations for Delaminated LG Specimens
The application of Equations (12)- (14) to the examined LG beams, where even marked frequency reductions can be expected, as compared to the theoretical values of LG beams with uniform PVB bonding.
Generally, the MoE of partially delaminated beams (E d ) is linearly dependent on the delaminated area, when compared to the total bonding surface (see Equation (13)). As far as the effective MoE is taken into account for the examined LG beams (i.e., Figure 17b) , it is thus possible to expect a MoE decrease in the order of 30%, for even a limited portion of delaminated interlayer. Such a MoE variation turns out in a marked variation of the bending stiffness for the composite LG beam, and at the same time reflects on a different shear stiffness from the interlayer in use (i.e., Figure 3 ), thus representing a relevant influencing parameter for calculations.
A parametric study was hence carried out on selected configurations in order to assess the reliability of Equations (12)- (14) for simple analytical calculations on delaminated LG beams. In accordance with Figure 18 , more in detail, schematic delaminations were defined, to reproduce-even in a simplified way-some of the on-site qualitative observations from the experimental tests.
In doing so, symmetry was taken into account for all of the possible configurations, thus resulting in: The analytical estimates of fundamental frequencies were carried out with the dynamic thickness hef and iterative approach of Section 2, with the additional set of iterations due to a decreasing MoE (with increasing the delamination surface Ad). The same iterative approach includes the effect of mechanical restraints, in accordance with Equation (11) .
The support of full 3D solid models from ABAQUS was also taken into account. In the latter case, the choice of full 3D models was suggested by the need of including possible delaminations in several regions of interest (see Figure 19 ). The glass and interlayer foils were rigidly connected via "tie" constraints, in order to ensure a rigid mechanical connection for the involved surfaces. In the presence of delaminated regions, moreover, additional contact interactions were used between the involved layers. In Figure 19a , an example is proposed for the D4 scheme. The mechanical restraints were then reproduced in the form of equivalent axial and rotational springs (with Kr > 0 and Ks = ∞). These springs were connected to reference RP nodes, and then restrained to each LG beam with the use of additional "coupling" constraints, thus reproducing the actual effect of the steel point-fixings in use (see Figure 19b) ). Frequency analyses were thus carried out on a wide set of configurations of LG beams. In Figure 19c , an example of typical deformed shape is shown (n = 1).
Through the FE parametric calculations, variations were made in terms of span (L) and delaminated region (Ad). Figure 20 reports some of the collected results, for a LG beam with L = 2.65 m and d = 0.07 m, 10 mm and 0.76 mm the thicknesses of glass and PVB layers, respectively. The interlayer properties were defined as for the PVBA material law reported in Figure 3 .
From Figure 20a , in particular, it is possible to notice that delaminations close to the restraints (i.e., schemes D1 to D3 of Figure 18 ) can be mostly disregarded. Frequency variations with respect to the vibration frequency of the undamaged (fully bonded) LG members are, in fact, proposed as a function of Ad/At, as obtained from Equations (12)- (14) , giving evidence of an expected frequency decrease in the order of −0.2%. This finding is also in line with literature efforts (for different typologies of composite laminates, see, for example [48] [49] [50] ), where it was proven that (artificially imposed) delaminated regions close to restraints have minimum effects. The analytical estimates of fundamental frequencies were carried out with the dynamic thickness h ef and iterative approach of Section 2, with the additional set of iterations due to a decreasing MoE (with increasing the delamination surface A d ). The same iterative approach includes the effect of mechanical restraints, in accordance with Equation (11) .
The support of full 3D solid models from ABAQUS was also taken into account. In the latter case, the choice of full 3D models was suggested by the need of including possible delaminations in several regions of interest (see Figure 19 ). The glass and interlayer foils were rigidly connected via "tie" constraints, in order to ensure a rigid mechanical connection for the involved surfaces. In the presence of delaminated regions, moreover, additional contact interactions were used between the involved layers. In Figure 19a , an example is proposed for the D4 scheme. The mechanical restraints were then reproduced in the form of equivalent axial and rotational springs (with K r > 0 and K s = ∞). These springs were connected to reference RP nodes, and then restrained to each LG beam with the use of additional "coupling" constraints, thus reproducing the actual effect of the steel point-fixings in use (see Figure 19b) ). Frequency analyses were thus carried out on a wide set of configurations of LG beams. In Figure 19c , an example of typical deformed shape is shown (n = 1).
Through the FE parametric calculations, variations were made in terms of span (L) and delaminated region (A d ). Figure 20 reports some of the collected results, for a LG beam with L = 2.65 m and d = 0.07 m, 10 mm and 0.76 mm the thicknesses of glass and PVB layers, respectively. The interlayer properties were defined as for the PVB A material law reported in Figure 3 .
From Figure 20a , in particular, it is possible to notice that delaminations close to the restraints (i.e., schemes D1 to D3 of Figure 18 ) can be mostly disregarded. Frequency variations with respect to the vibration frequency of the undamaged (fully bonded) LG members are, in fact, proposed as a function of A d /A t , as obtained from Equations (12)- (14) , giving evidence of an expected frequency decrease in the order of −0.2%. This finding is also in line with literature efforts (for different typologies of composite laminates, see, for example [48] [49] [50] ), where it was proven that (artificially imposed) delaminated regions close to restraints have minimum effects. Otherwise, as far as the damage location moves along the LG beam span (i.e., scheme D4), a mostly linear frequency decrease was observed from the collected parametric results, see Figure 20b . In this sense, the parametric investigation summarized herein proved that:
-
the analytical method recalled from [51] and extended to the adjusted dynamic thickness for viscoelastic LG beams could be rationally used for preliminary frequency estimates, especially when refined methods of analysis or dedicated experimental investigations are not available; the presence of even slight delaminations along the edges of LG beams (i.e., with limited thickness, with respect to the beam width b) can have marked effects on the bending stiffness of the composite LG sections, thus on the corresponding frequency calculations; and, on the other side, the simplified assumptions of Equations (12)-(14) gave evidence of a certain scatter from the corresponding FE calculations, with respect to a given Ad/At ratio. Such an effect can be also observed in Figure 20b , for selected LG configurations. As a Otherwise, as far as the damage location moves along the LG beam span (i.e., scheme D4), a mostly linear frequency decrease was observed from the collected parametric results, see Figure 20b . In this sense, the parametric investigation summarized herein proved that:
The analytical method recalled from [51] and extended to the adjusted dynamic thickness for viscoelastic LG beams could be rationally used for preliminary frequency estimates, especially when refined methods of analysis or dedicated experimental investigations are not available; -
The presence of even slight delaminations along the edges of LG beams (i.e., with limited thickness, with respect to the beam width b) can have marked effects on the bending stiffness of the composite LG sections, thus on the corresponding frequency calculations; and, Otherwise, as far as the damage location moves along the LG beam span (i.e., scheme D4), a mostly linear frequency decrease was observed from the collected parametric results, see Figure 20b . In this sense, the parametric investigation summarized herein proved that:
the analytical method recalled from [51] and extended to the adjusted dynamic thickness for viscoelastic LG beams could be rationally used for preliminary frequency estimates, especially when refined methods of analysis or dedicated experimental investigations are not available; the presence of even slight delaminations along the edges of LG beams (i.e., with limited thickness, with respect to the beam width b) can have marked effects on the bending stiffness of the composite LG sections, thus on the corresponding frequency calculations; and, on the other side, the simplified assumptions of Equations (12)-(14) gave evidence of a certain scatter from the corresponding FE calculations, with respect to a given Ad/At ratio. Such an effect can be also observed in Figure 20b , for selected LG configurations. As a -On the other side, the simplified assumptions of Equations (12)-(14) gave evidence of a certain scatter from the corresponding FE calculations, with respect to a given A d /A t ratio. Such an effect can be also observed in Figure 20b , for selected LG configurations. As a general trend, the analytical formulation for delaminated LG beams was found to clearly overestimate the FE frequency variations, thus providing even more conservative predictions.
Final Remarks on Practical Analytical Calculations for Design
In conclusion, some final analytical calculations were carried out, in order to assess-even in the lack of more detailed experimental methods-the actual bonding effect of the PVB foils in use for the tested LG specimens, with respect to practical literature recommendations. Given that the fundamental frequency of the selected LG beams is strictly related to several parameters, the degradation of shear stiffness for the PVB foils in use-as a direct effect of long-term performances-represents another relevant parameter, as also discussed in the previous sections.
Literature contributions addressing the actual dynamic shear modulus of PVB foils (including both the storage and loss moduli), however, are available for dynamic estimates at different vibration frequencies (i.e., Figure 3 ), or different temperature scenarios, which can be hardly adapted to specific case-studies. Long-term effects of design loads (up to 50 years) are mostly referred to the relaxation of the storage modulus of PVB (and other common interlayers) under permanent loads only (see for example [23] and others).
In this regard, Figure 21 collects some analytical estimates for the tested LG beams. Following the research outcomes that are partly summarized in Figure 20 , and the real experimental scenarios of Figure 9 , three levels of delamination were taken into account, i.e., corresponding to (i) un-delaminated LG beams, or to a MoE degradation up to (ii) 5% and (iii) 15% the nominal value (based also on Equation (13)). In addition, two tentative storage moduli were considered for the PVB foils in use, namely represented by: -G 2 = 0.50 MPa, as derived from technical data sheets, for PVB foils at 25 • C and 15 years of time loading (see [52] ), and -G 2 = 0.07 MPa, corresponding to the recommended value for the design of LG elements under permanent, dead loads [23] .
As shown in Figure 21 and Table 3 , the best correlation between analytical frequencies and most of the experimental results was obtained in the presence of a relatively weak PVB layer (G 2 = 0.07 MPa). Besides that, the collected comparisons allow for further emphasizing the key role of multiple input parameters on the reliable assessment of in-service glass structures, and, in particular, the role of restraints (compared to C-C or S-S conditions) and the presence of possible delaminations, which should be properly taken into account.
Literature contributions addressing the actual dynamic shear modulus of PVB foils (including both the storage and loss moduli), however, are available for dynamic estimates at different vibration frequencies (i.e., Figure 3 ), or different temperature scenarios, which can be hardly adapted to specific case-studies. Long-term effects of design loads (up to 50 years) are mostly referred to the relaxation of the storage modulus of PVB (and other common interlayers) under permanent loads only (see for example [23] and others). In this regard, Figure 21 collects some analytical estimates for the tested LG beams. Following the research outcomes that are partly summarized in Figure 20 , and the real experimental scenarios of Figure 9 , three levels of delamination were taken into account, i.e., corresponding to (i) un-delaminated LG beams, or to a MoE degradation up to (ii) 5% and (iii) 15% the nominal value (based also on Equation (13)). In addition, two tentative storage moduli were considered for the PVB foils in use, namely represented by: 
Conclusions
Laminated glass (LG) elements are largely used in buildings and civil engineering infrastructures, in the form of simple members (i.e., columns, beams and plates), but also combined together to realize stand-alone assemblies, where glass can interact with other traditional constructional materials. Besides the need of safe design methods for glass structures under ordinary loads, special care is increasingly spent by researchers in the dynamic response of LG systems under impact, moving loads due to pedestrians (in the case of walkways and roofs) or seismic events. As a part of buildings or complex systems, the dynamic parameters of LG elements should be properly taken into account, for the design of independent members or complex systems.
In this regard, several analytical methods available in the literature, for practical estimates of the fundamental vibration frequencies of simple LG members with viscoelastic interlayers. Otherwise, in most of the cases, reliable dynamic predictions can be obtained for the early-design stage. The intrinsic limit of literature methods is, in fact, represented by the assumption of ideal theoretical boundaries that often do not capture the mechanical effect of typical restraints in in use for LG systems. At the same time, they do not include the potential effects due to material degradations that can often manifest in in-service LG structures, like delaminations of the bonding interlayers.
In this paper, major issues for the vibration analysis of in-service (double) LG members were discussed and explored, with the support of analytical calculations, on-site experimental tests, and parametric Finite Element (FE) numerical analyses. As shown-as compared to laboratory research studies or early-stage design calculations-major uncertainties can be represented by the lack of accurate input material properties, especially for characterizing the shear stiffness of the bonding interlayers. The latter is strictly affected by the vibration frequency, but also by operational and ambient conditions to properly assess. Such an issue can in fact reflect on unsafe equivalent thickness assumptions for analytical and numerical calculations, thus dynamic estimates. Further relevant influencing parameters that can magnify the material uncertainties and approximate assumptions are then represented by the actual boundary condition of real LG structures, which can be markedly different with respect to the ideal restraints of practical use for design. Accordingly, it was shown that even minor flexibility contributions of joints can turn out in marked stiffness for the examined LG members, thus requiring separate calculations. The restraints themselves can, in fact, modify the vibration frequency of a given LG members, thus further affecting the PVB stiffness and require iterative calculations. Finally, another relevant issue for in-service LG members derives from the degradation of common interlayers in use, especially delaminations that can be hardly quantified, but having marked effects on dynamic estimates.
Based on on-site experimental tests on in-service LG beams, these influencing parameters were separately explored in the paper. Analytical methods were then proposed for reliable estimates on general LG beams. Their advantage is that both restraint features and delaminations can be taken into account when compared to classical theories for slender composite beams of literature proposals for LG members in ideal conditions.
